Abstract. Consider the unnormalized Ricci flow ( g ij ) t = −2R ij for t ∈ [0, T), where T < ∞. Richard Hamilton showed that if the curvature operator is uniformly bounded under the flow for all times t ∈ [0, T), then the solution can be extended beyond T. We prove that if the Ricci curvature is uniformly bounded under the flow for all times t ∈ [0, T), then the curvature tensor has to be uniformly bounded as well.
Introduction. The Ricci flow equation is the evolution equation ( g ij
t = −2R ij introduced by Richard Hamilton in his seminal paper [4] . Short time existence for solutions to the Ricci flow on a compact manifold was first shown in [4] , using the Nash-Moser theorem. Shortly after that, De Turck [2] showed the same thing modifying the flow by a reparametrization, using a fixed background metric to break the symmetry that comes from the fact that the Ricci tensor is invariant under the whole diffeomorphism group of a manifold.
The Ricci flow equation is a weakly parabolic equation and many nice regularity theorems have already been proved. A very nice corollary of the regularity of the Ricci flow is a result on the maximal existence time for a solution, proved by R. Hamilton in [6] .
THEOREM 1. (Hamilton) For any smooth initial metric on a compact manifold there exists a maximal time T on which there is a unique smooth solution to the Ricci flow for 0 ≤ t < T. Either T = ∞, or the curvature is unbounded as t → T.
The main theorem in this paper is the following:
THEOREM 2. Let ( g ij ) t = −2R ij , for t ∈ [0, T) be a Ricci flow on a compact manifold M with T < ∞ and with uniformly bounded Ricci curvatures along the flow. Then the curvature tensor stays uniformly bounded along the flow.
The proof of the theorem uses Perelman's noncollapsing theorem for the unnormalized Ricci flow that has been proved in [8] .
A similar problem about smoothing properties of the Ricci flow has been considerd by X. Dai, G. Wei and R. Ye in [1] . also like to thank Richard Hamilton for bringing some applications to Theorem 2 to my attention during the workshop on the Ricci flow at MSRI. I would like to thank Lei Ni for pointing out to me that Perelman's noncollapsing theorem does not need to be used in the proof of Theorem 2.
2.
Background. M will always denote a compact manifold, and ( g ij ) t = −2R ij is the unnormalized Ricci flow on M. Perelman introduced the following functional in [8] 
Perelman has showed that W is increasing along the flow. A very nice application of the monotonicity formula for W is Perelman's noncollapsing theorem for the unnormalized Ricci flow.
Definition 3. Let g ij (t) be a smooth solution to the Ricci flow ( g ij ) t = −2R ij (t) on [0, T). We say that g ij (t) is locally collapsing at T, if there is a sequence of times t k → T and a sequence of metric balls Before we start proving our theorem, we will mention some estimates for the sizes of balls at different times, derived by Glickenstein in [3] , since we will use them in the proof of Theorem 2. His estimates are improvements of Hamilton's work on distance comparison at different times under Ricci flow that can be found in [7] . 
One can choose δ = e 2C|t−t 0 | − 1 and η = ln 
The proof of Lemma 7 uses Lemma 6 and the triangle inequality for distances.
Blow up argument. In this section we will prove Theorem (2).
Proof. Assume that under the assumptions of our theorem the curvature blows up at a finite time T. That means there exist sequences t i → T and p i ∈ M, such that
) converge to a complete ancient solution to the Ricci flow, κ-noncollapsed on all scales for some κ > 0. We have that {(M, g i (t), p i )} → (N,ḡ(t), p) in a pointed Gromov-Hausdorff metric, for all t ∈ ( − ∞, a) where a > 0. Since the Ricci curvatures of our original flow are uniformly bounded, we have that
|R(t)| ≤ C, where R(t) is a scalar curvature of g(t). Since
e., our ancient solution g(t) has zero scalar curvature for every t ∈ ( − ∞, a), where a > 0. The evolution equation for a scalar curvatureR is:
whereR and Ric are the scalar and the Ricci curvature ofḡ(t) respectively. Sincē R(t) ≡ 0 for all t ∈ ( − ∞, a) the evolution equation forR implies that Ric(t) = 0, for all t, i.e., our solutionḡ is stationary. Therefore it can be extended for all times t ∈ ( − ∞, +∞) to an eternal solution, whereḡ(t) =ḡ. Take any r > 0. Then:
where the volume and the ball B( p, r) on the left hand side of (1) are considered in metricḡ, while on the right hand side of (1) we consider metric
Since the Ricci curvatures of our original metrics g(t) are uniformly bounded, from the evolution equation for Vol t we get that Vol g(t) M ≤C for all t ∈ [0, T), for some constantC that does not depend on t. Take any > 0. Choose i 0 such that for all i ≥ i 0 we have the following estimates:
and
hold for all i ≥ i 0 , where C is a constant in the statement of Theorem 2. We can choose such i 0 because of (1) 
From this observation and estimate (4) we have:
i . From the evolution equation for Vol t we get
where we have used estimate (2) and the fact that
n . This gives the following estimate:
We have now a fixed metric g(t i 0 ) on the right-hand side of the inequality (7). Our manifold M is compact and therefore we have a uniform asymptotic volume expansion,
where ω n is a volume of a unit euclidean ball. Combining the estimate (7) with the asymptotic expansion (8) and letting i → ∞ we get:
By estimate (3) we have that r n i > 1 − 2 for all i ≥ i 0 and therefore
Since > 0 was arbitrary, we have that Vol B( p,r) r n ≥ ω n . On the other hand, Bishop-Gromov volume comparison principle applied to a Ricci flat, complete manifold (N,ḡ) gives
for all δ ≤ r. When δ → 0, the right-hand side of the previous inequality tends to ω n . Therefore, for every r > 0 we would have that
Vol B( p,r) r n = w n . Ricci flat, complete manifold with this property has to be the Euclidean space and therefore Rm (ḡ) = Rm ≡ 0 on N. This contradicts the fact that Rm( p, 0) = 1.
Therefore, a curvature of an unormalized flow cannot blow up in a finite time when the Ricci curvatures are uniformly bounded, for all times for which a solution of a Ricci flow exists. Remark 8. Lei Ni pointed out to me that there is a more elementary way of concluding that a sequence of scalings (M, g i (t), p i ) converges to a complete manifold (N,ḡ, p) . Namely, since the Ricci curvatures of g(t) are uniformly bounded, all our metrics g(t), for t ∈ [0, T), where T < ∞ are uniformly equivalent and a volume collapsing case of a sequence of dilations will not happen. Therefore, by Hamilton's compactness theorem we will have a smooth convergence of a sequence of dilated metrics towards a smooth manifold.
Remark 9. Notice that in the proof of Theorem 2 we actually used only the facts that |R| ≤ C, for t ∈ [0, T) and that
We immediately have the following simple corollary of Theorem 2.
COROLLARY 10. Let g(t) be a solution to ( g ij ) t = −2R ij with | Ric | ≤ C, uniformly for all times when the solution exist. Then the solution exists for all times t ∈ [0, ∞).
Proof. This is a simple consequence of Theorems 2 and 1. 
Proof. Letḡ(s) = g(t(s))c(s), where c(s)
We can apply Theorem 2 to the unnormalized flowḡ(s) to get it can be extended past time
If we go back to flow g(t), it means that g(t) can be extended past time T. Since Perelman's noncollapsing theorem plays an important role in a study of the Ricci flow, we would like to say few words about it in the case of a normalized flow.
Then g ij (t) is not locally collapsing at ∞.
Before we start with a proof of the claim, we will give a definition of collapsing at ∞.
Definition 13. Let g ij (t) be a solution to ( g ij ) t = −2R ij + 1 τ g ij . We say that g ij (t) is locally collapsing at ∞, if there is a sequence of times t i → ∞ and a sequence of metric balls B k = B( p k , r k ) at times t k , such that
Notice that in the proof of Theorem 4 Perelman used only that
Proof of Claim 12. Assume that there exists a sequence of collapsing balls 
at time t k . We can write this as Proof. This lemma is a simple corollary of Claim 12. The proof is the same as the proof of a corollary of Perelman's noncollapsing theorem in section 4 of paper [8] . In dimension 3 we have a pinching estimate, i.e., there exist constants C 1 and C 2 so that
for all times t ∈ [0, T). This gives that
If g(t) has a singularity at time T, by Theorem 2 we know that there exist a sequence of times s i → T, a sequence of points x i ∈ M and a constant C so that 10). Because of the pinching estimate, when the scalar curvature R is big, any negative curvatures are small compared to the positive ones. That is why after rescaling by a factor Q i and after taking a limit when i → ∞ we get that our ancient, complete, nonflat solution (N,ḡ(s)) has bounded, nonnegative sectional curvature. This allows us to apply the relative volume comparison theorem to (N,ḡ(s)) to conclude that for every r > 0 Volḡ (0) B(x, r) r n ≤ w n , (11) where w n is the volume of a unit Euclidean ball. Fix > 0. We can show that Volḡ (0) B(x, r) r n ≥ w n − , in the same way as in Theorem 2, since we have only used the integral bounds on | Ric | in order to control changes in volumes and distances for t close to T. We have established these integral bounds in a discussion above. Since estimate (11) holds for every > 0, we can conclude that (N,ḡ(0)) would have to be the Euclidean space, which is not possible since |Ric|(x, 0) = 1. 
